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The Study of Primary School Teachers’ Performance on
Number Sense

Yang Der-Ching and Jan Hung-Jin

Abstract—To examine the number sense strategies used by
elementary school teachers, six elementary school teachers were
interviewed by semi-structured interview method. Over
one-third of the responses used rule-based methods and about
12% of participants’ responses were deemed incorrect. About a
half of the teachers’ responses showed evidence of the use of
number sense. In addition, the teacher with background in
mathematics education outperformed the teachers with
background in Chinese Literature Education and Sociology.
Therefore, a question of utmost importance for future teacher
professional development is how to help elementary school
teachers develop a profound understanding of number sense.

Index Terms—Elementary-school-teachers, number-sense,

rule-based-method.

. INTRODUCTION

Number sense is defined as an individual understanding of
numbers, operations, and their relationships, and the ability to
handle numerical problems in daily-life situations. This
ability is used to develop practical, flexible, and efficient
strategies, such as mental computation and estimation to
solve problems [1]-[3]. It has been viewed as a major topic in
mathematics education in many countries around the world
[3]-[10]. Studies have shown that a lack of number sense will
likely result in mathematical learning difficulties [11]-[13].
This shows the importance of developing children’s number
sense.

Reference [14] argued that to empower students’
mathematical learning, school teachers must first be
empowered in their own mathematical understanding.
Teachers’ mathematical knowledge influences their teaching
and their students’ learning [15], [16]. Because student’
mathematical knowledge and ability are related to what
teachers teach in class [9], teachers must have a deep
understanding of the content that they teach. Earlier studies
have shown that students’ lack of number sense may be due,
in part, to their teachers’ lack of number sense interfering
with their ability to help their students develop number sense
[17]. Previous studies have shown that elementary and
middle grade students lack number sense [17]-[19]. In
addition, several studies consistently showed that pre-service
teachers tend to use written methods, with less than half
having the ability to apply number sense methods to solve
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problems [8], [20]. Pre-service teachers’ and students’ lack of
number sense may be due, in part, to teachers’ lack of number
sense [20]. While research has demonstrated that teachers
play a powerful role in helping students develop number
sense, there has been little research on elementary school
teachers’ own number sense strategies. Hence, the purpose of
this study was to examine the strategies used by elementary
school teachers in Taiwan when responding to number sense
related questions.

Il. BACKGROUND

A. Number Sense Framework

Number sense is a complex process involving different
components; it is not easy to define. Even though different
educators and researchers define number sense differently [5],
there is a consensus that it should include a deep
understanding of numbers, operations, and their relationships;
a flexible and efficient way to handle numbers and operations;
and an application of number knowledge to numerical
situations [1], [9], [17], [18]. Following the lead of earlier
studies and reports, this study defines number sense as
including the following five components:

(N1) Understanding the basic meaning of numbers: This
includes understanding the meaning of the number system,
including whole numbers, fractions, decimals, percents, and
their relationships, and understanding the relationships
among humbers.

(N2) Recognizing the relative sizes of numbers: It means
that a person is able to recognize the size of a number,
particularly in comparison with one another. For example,
when comparing the fractions 1 and <, students could use a
1

meaningful approach based on their recognition that%> =

andthat 2+ L = 2+ 2 'in order to conclude 2 < 2,
11 11 15 15 11 15

(N3) Being able to use multiple representations of numbers
and operations: This implies that a person is able to develop
and use different forms of representations, such as pictorial
representations, symbolic representations, and others, to
solve problems flexibly.

(N4) Recognizing the effects of an operation on numbers:
This means that a person can recognize how the four basic
operations affect the computational results. For example,
when children are asked to find the result of 1005 +-0.96, they
should be able to recognize that the result must be slightly
greater than 1005 due to the fact that 0.96 is slightly less than
1.

(N5) Being able to judge the reasonableness of a
computational result: This means that a person is able to
develop flexible and efficient strategies (such as mental or
estimation methods) to solve numerical problems and judge
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the how reasonable the result is.

B. Teachers’ Content Knowledge

The content knowledge of teachers plays a key role in the
teaching of mathematics [9], [21]. Therefore, content

knowledge is an important lever to influence teaching quality.

For example, as in [9], it has been emphasized that effective
teaching requires teachers to have a profound understanding
of mathematics. However, teachers do not always possess
this kind of profound understanding. For example, as in [22],
they have found that pre-service teachers possess insufficient
algebra knowledge. Reference [23] found that pre-service
teachers have greater difficulty in posing problems about
equations pairs. In addition, as in [24], they found that
Kuwaiti 8" grade mathematics teachers tended to find exact
answers to problems without judging the reasonableness of
those answers. They attributed this behavior to the continual
emphasis in Kuwaiti mathematics textbooks on using
paper-and-pencil methods to get a correct answer. These
weaknesses in teacher knowledge affect the ways they teach
and influence students’ problem-solving methods.

Indeed, teachers’ content knowledge not only influences
the effects of their teaching and the methods students use to
solve problems, it is also a key to deciding whether teachers
are equipped to carry out good teaching. If teachers do not
have a profound understanding of mathematics, can they
recognize all the conceptual connections in the mathematics
they are teaching and teach accordingly? Can teachers
without a solid understanding of basic content knowledge
grasp the logical order of development of mathematical ideas
and further, know the students’ conceptual understanding of
mathematics? Clearly, developing content knowledge is the
foundation of developing teaching knowledge, and if we
want to improve teaching quality, we must begin by
enriching teachers’ content knowledge [9], [14], [20].

C. Studies of Number Sense

Several studies have demonstrated students’ lack of
number sense [18]-19], [25], [26]. For example, as in [19], he
found that students lack of estimation strategies and students
increasingly used written computation as students progressed
from grade 4 to grade 7. Reference [27] showed that a total of
808 3rd-graders in Taiwan did not perform well on number
sense assessment items. Reference [28] suggests that teachers
play an important role in teaching number sense. To develop
students’ number sense, teachers must first understand
number sense themselves. In addition, “if we want to help
children develop number sense, we must first enhance
teachers” number sense. Teachers empowered with
knowledge and appreciation for number sense will be more
likely to attend to number sense when working with students”
[20].

Certainly, pre-service teachers do not appear to possess
strong number sense. Reference [19] investigated 142
pre-service teachers’ number sense and found that only about
half could use number sense strategies (e.g., recognizing
number size, judging the reasonableness of a computational
result) effectively. Reference [29] noted in his study of 15
pre-service teachers’ use of number sense that only one-third
applied number sense methods. Two-thirds of the pre-service
teachers relied heavily on written computation to solve
problems, and when asked to use another method to solve
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problems most would respond by saying, “I don’t know
another way.” This illustrates that a lack of number sense will
limit thought and may obstruct further development of
number sense for pre-service teachers, which will result in an
overuse of written computation to solve problems. Reference
[19] examination of 280 pre-service teachers’ number sense
in Taiwan found through the use of a benchmark to identify
the relative size of numbers (e.g., 2/5 < 1/2 and 4/7 > 1/2, so
2/5 < 4/7), that only about one-fifth used number sense to
solve problems. The majority of pre-service teachers relied
on rule-based methods. Indeed, the percentage using
rule-based methods to solve problems was as high as to 70%.
It seems clear from the above literature that, due to their weak
knowledge of number sense, many pre-service teachers rely
on written methods to solve problems.

In sum, the results gained from pre-service teachers, as
well as elementary and middle grade students’ performance
on number sense, show that they lack number sense [10],
[18]-[20], [30]. This lack of number sense in students is likely
a function of their teachers’ lack of number sense. However,
research regarding teachers’ knowledge of number sense is
still rare. If we intend to increase children’s number sense, we
must first investigate their teachers’ number sense. Only
teachers that have complete knowledge of number sense and
understand the importance of number sense will be fully
prepared to teach number sense in the mathematics
classroom.

I1l. METHOD

A. Study Design

To examine the number sense strategies used by
elementary school teachers, this study applied a
semi-structured interview method to collect the participants’
responses to number sense related questions. Each interview
took about 1 hour. While interviewing, a number sense
question was presented on an A4-sized sheet of paper on
which the interviewee could use the available empty space to
write down his/her problem-solving process or explanation,
if necessary. In addition, the researcher asked interviewees to
explain their thoughts by thinking aloud. The whole process,
including verbal responses and behavior, was video recorded.

B. Participants

Six elementary school teachers in southern Taiwan were
selected to participate in the study. They were given the
following pseudonyms. Their backgrounds information was
obtained during the interviews.

Betty is a female teacher who has taught mathematics for 8
years. Her undergraduate degree is in Chinese Literature
Education; therefore, teaching mathematics in elementary
schools is a big challenge for her. Vicky is a female teacher
who has taught mathematics for 12 years. Her undergraduate
degree is in Education. Tracy is a female teacher who has
taught mathematics for 15 years. Her undergraduate degree is
in Sociology. She is interested in teaching mathematics.
Helen is a female teacher who has taught mathematics for 5
years. Her undergraduate degree is in Education. For Tracy,
teaching math makes her feel powerless. Tom is a male
teacher who has taught mathematics for 14 years. His
undergraduate degree is in Mathematics Education. He likes
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to teach mathematics. Jane is a female teacher who has taught
3 years. Her undergraduate degree is in Mathematics
Education.

C. Instrument

Based on the number sense components detailed above, a
total of 20 interview questions were constructed, with each of
the five components addressed by four questions. The
questions were reviewed by the researchers involved in this
study as well as three elementary school mathematics
teachers who have master’s degrees and whose studies had
focused on number sense. All agreed that these questions
could be used to examine the elementary school teachers’
number sense. To further confirm that the questions were
appropriate, a pilot study was run with several math teachers.
This pilot study showed that the 20 questions required an
excessive amount of time for the interview process, causing
many interviewees to lose patience; therefore, one question
from each component was deleted and some questions were
revised. The deleted questions were chosen because they
were easy for teachers to calculate answers for (e.g., Chen
drove a van to Taipei from Pintung. He added gasoline and
spent 2489 NT dollars. One liter of gasoline cost 31.2 NT
dollars. How many liters did he add? @ 8 liters @ 80 liters
(800 liters @8000 liters). As a result, the formal instrument
used in this study consisted of 15 questions with three
questions representing each of the five number sense
components (see Appendix).

D. Data Analysis

This study analyzed and summarized participants’
strategies based on their responses and reflective notes [18],
[20]. The researchers determined the strategies used by
participants based on the following criteria:

1) Number sense-based method (NS-based method): The
participant’s strategies exhibited one or more of the five
components in the definition of number sense.

Partial NS-based method: Although the participant used
some concept of number sense to solve a problem, he or
she also used some rules or formulas to solve the problem.
Rule-based method: The participant could only use
written or formula-based methods to solve the problem,
even when encouraged to use non-algorithmic
approaches.

Wrong explanation: The participant did not seem to
understand the concept clearly, explained the strategies
vaguely, or guessed the answer.

Two researchers reviewed the transcripts independently to

categorize each answer as correct or incorrect, and then we

coded again for making sure the type of strategy they used.

These initial reviews produced over 93% agreement in the

categorization of participant responses. The remaining

responses were reexamined and discussed by the coders to
resolve which of the above criteria best described the
participant’s responses.

2)

3)

4)

IV. RESULTS

A. Strategies Used by Elementary School Teachers

Table | reports the frequencies and percentages of the
strategies used by elementary school teachers. Data showed

that the elementary school teachers performed the best on the
number sense component “understanding the basic meaning
of numbers.” Results showed that 13 out of the 18 responses
applied NS-based methods. One response used a partial
NS-based method, one response used a rule-based method,
and three responses were incorrect. In addition, sample
teachers performed second best on the number sense
component “recognizing the effects of an operation on
numbers.” 12 out of the 18 responses were determined using
NS-based methods, one response used a partial NS-based
method, three responses applied rule-based methods, and two
responses were incorrect. This shows that the teachers
performed relatively well on questions about both of these
number sense components as compared with the other
components. Sample teachers performed the worst on the
number sense component “Being able to judge the
reasonableness of a computational result.” Only four out of
18 responses used NS-based methods, 10 out of 18 responses
used rule-based methods, and four response was incorrect.
Sample teachers also did not perform well on the number
sense component “Recognizing the relative sizes of numbers.”
Only six out of 18 responses used NS-based methods, one
response used a partial NS-based method, nine responses
used a rule-based method, and two responses were incorrect.

TABLE I: FREQUENCY AND PERCENTAGES OF STRATEGIES USED BY
ELEMENTARY SCHOOL TEACHERS

Components
Total
N1 N2 N3 N4 N5
Correct
NS-based method 13 6 8 12 4 43 (47.8%)
Partial NS-based 1 1 0 1 0 3 (3.3%)
Rule-based method 1 9 10 3 10 33 (36.7%)
Wrong explanation 0 0 0 0 0 0 (0%)
Incorrect
Partial NS-based 1 0 0 0 0 1(1.1%)
Rule-based method 0 0 0 0 0 0 (0%)
Wrong explanation 2 2 0 2 4 10 (11.1%)
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Note. N1: Understanding the basic meaning of numbers; N2: Recognizing
the relative sizes of numbers; N3: Being able to use multiple representations
of numbers and operations; N4: Recognizing the effects of an operation on
numbers; N5: Being able to judge the reasonableness of a computational
result

Furthermore, data also showed that about 47.8% of
elementary school teachers could apply number sense-based
method to solve problems and about 36.7% of sample
teachers used Rule-based method.

Table | reports the six elementary school teachers’
responses and their use of strategies when responding to
number sense related questions. The data show that 40% of
A’s responses utilized an NS-based method, 27% of the
responses used a rule-based method, one response included a
correct answer but wrong explanation, and 26% of the
responses were incorrect, including 13% using a rule-based
method and 13% with wrong explanations. B used NS-based
methods for only 27% of her responses, less frequently than
any of the other teachers. In addition, 13% and 33% of B’s
responses utilized partial NS-based methods and rule-based
methods, respectively, and 27% of B’s responses were
incorrect. C used NS-based methods for 47% of her
responses. In addition, 7%, 20%, and 7% of C’s responses
were categorized as correct with partial NS-based methods,
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rule-based methods, and wrong explanations, respectively.
Moreover, 20% of C’s responses were incorrect. All of D’s
responses were correct, with 40% and 60% utilizing

NS-based methods and rule-based methods, respectively. 80%

of E’s responses utilized NS-based methods, 13% used
rule-based methods and 7% were incorrect. Finally, 73% of
F’s responses used NS-based methods and 27% used
rule-based methods.

B. Differences in Number Sense Performance on the Five
Components

Table 1l summarizes the frequencies of strategies used by
the elementary teachers when responding to number sense
related questions from each of the number sense components.
Recall that there were three questions for each component,
and thus 15 teacher responses for each component. The data
show that the teachers had the weakest performance on being
able to judge the reasonableness of a computational result.
Only two of the 15 responses to questions from this category
applied NS-based methods to solve the problems. Both were
made by Tom, who majored in mathematics education. In
contrast, nine of the 15 responses used a rule-based method
and four out of 15 were incorrect.

TABLE II: NUMBER SENSE STRATEGIES USED BY ELEMENTARY SCHOOL

TEACHERS

Betty  Vicky  Tracy Helen Tom Jane
Correct
NS-based 6 (40%) 4 (27%) 7 (47%) 6 (40%) 12 (80%) 11 (73%)
Partiall NS 0(0%) 2(13%) 0(0%) 0(0%) 0(0%) 0 (0%)
Rule-based 4 (27%) 5 (33%) 4 (27%) 9 (60%) 2 (13%) 4 (27%)
‘e"x’[fng 1(7%) 0(0%) 1(7%) 0(0%) 0(0%) 0 (0%)
Incorrect
PartialNS  0(0%) 1(7%) 0(0%) 0(0%) 0(0%) 0 (0%)
Rule-based 2 (13%) 1(7%) 0(0%) 0(0%) 1(7%) 0 (0%)
Wrongexp 2 (13%) 2(13%) 3(20%) 0(0%) 0(0%) 0 (0%)

To understand this situation, it is helpful to examine the
individual questions for this component (questions 9, 10, and
15). No sample teachers utilized NS-based method to solve
question 9 (John uses a calculator to calculate the following
math problem: 0.488 times 182.45 equals 890356; however,
when he is writing down his answer he forgot to add a
decimal point. Which answer choice corresponds to the
correct decimal placement? (1) 0.890356 (2) 89.0356 (3)
8.90356 (4) 890.356). Four teachers misjudged the missing
decimal point position by using a memorized rule (the
multiplicand has a three-digit decimal and the multiplier has a
two-digit decimal; thus the product of multiplication should
have 3 + 2 = 5 decimal places). For example:

Betty : I will directly count how many decimal places
there are; there are 5 decimal places. That is why
the answer is 8.90356.

. This concept should have been learned before. |
just count how many decimal places there are
and there are 5 decimal places in total (2 decimal
places and 3 decimal places). Then, we should
put the decimal point at the fifth decimal place
from the end, which is 8.90356.

: 3 decimal places and 2 decimal places are 5
decimal places, so | have put the decimal point
after 8, which is 8.90356.

Betty, Vicky, Helen, and Tom all solved the problem by

Vicky

Tom
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counting decimal places, which caused failure in solving the
problem.

Tracy also solved the problem using the same method,;
however, she got the correct answer because she knew there
should be a zero at the end of the answer (5 x 8 = 40).
Therefore, her method should be classified as rule-based. For
example,

Tracy : Because 0.488 has 3 decimal places and 182.45
has 2 decimal places so in principle we will put
the decimal point at the position back from the
last number by 5 decimal places. However,
because (5 x 8 = 40)., it should have a zero at
the end so it means there is a zero after 890356.
In fact, it does not, so there should only be 4
decimal places, and that’s why | chose 89.0356.

Five teachers solved the problem by counting the decimal
places rather than using a benchmark (0.488 is about 0.5) to
estimate an approximate value (a value of about 180
multiplied by 0.5 is about 90). They all mentioned that this is
the way teachers and textbooks have told them how to solve
this kind of problem. One common response was: “the
mathematics books used to tell us to solve this type of
problem by this method.” When further inquiries were made,
they would ask, “Do you know a different approach to
solving this problem?” This shows that they cannot utilize
benchmarks in situations like question 9 to reach correct
answers. It seems that written algorithms may have limited
their thinking and reasoning abilities. By judging the decimal
point position in the answer by counting digits without
noticing the number size shows that teachers lack of number
sense. In sum, all five teachers were unable to use
benchmarks in question 9 to judge the reasonableness of a
computational result.

For question 10 (see Appendix), four teachers could not
accurately judge the relation among numbers. One teacher
obtained the correct answer by using rule-based methods. For
example:

- 1 will add a zero to 400 because 5 x4 = 20.

. If the number at the end was sprayed by ink then
that would be 2, 4, 6, 8, 0, and then it should be
an even number. Fan’s explanation includes two
other people’s explanations, in which the
number at the end is 2.4.6.8.0. I don’t care about
Fan’s answer. Although his answer is an odd
number, the number is an even number; so, Fan
is right.

From the first part of Tracy’s response, we can see that she
noticed that the answer 400 had to be wrong by using a
rule-based method. Tracy decided on an answer by knowing
that an even number multiplied by 5 will result in a number in
which 0 appears at the end.

Tom, who majored in mathematics education, was the only
one to correctly judge the answer meaningfully. Tom could
logically reason about the answer:

Tom: | think the answer is (3). Because the range of
“(3) It is an even number for sure” is larger. 400
and 400 are also even numbers. Even number
includes 400 and 400, therefore (3) must be the
answer.

In this problem, three teachers responded incorrectly. They

had misconceptions about numbers and operations. For

Tracy
Tracy
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example:

Helen : Here (1325 x4XX=588300) there are two 0s and
one 5, but this doesn’t mean that two Os can
produce two 0s. I think if the middle number is
an even number then we can make it right,
because 5 multiplied by an even number will
produce 0. The product will have two 0s, so the
end of the number will have to be a 0, and the
middle number could be a 2, 4, 6, or 8, which
means there could be two 0s at the end of the
number.

Helen used a rule-based method to incorrectly explain that
there are two 0s, but she only notices one possibility. It is a
mathematical myth that she only considered the end of the
numbers, and thought they let a product have two Os when
multiplying each other. If teachers can think about the
relation between numbers and operations to further
understand their meaning, they then will be able to realize

that the end number of the multiplicand will be 25 x4 = 100

and 25 x8 = 200.

Both Betty and Vicky guessed when responded to question
10; for example, Betty said: “I calculated mentally and found

out that 400 will have an extra 0 because 5 x4 = 20, 400

more, which | think is too large. 410 is also too large. 40
would be appropriate.” Furthermore, Vicky said: “the
question requires that the answer should be 400 and an even
number as well. For example, | assumed the answer is 440,
and while doing the calculation noticed that it is incorrect.
Again, | think the third choice is definitely an even number
but the range is too big, so I guessed that it could be 2.”

For question 15, only the response made by Tom applied a
NS-based method to solve the problem. Tom applied an
estimation strategy based on combining the two printers’
capabilities: “8 minutes can print about 300 pages and 35
minutes is less than 8 times 5 minutes. Moreover, 300 times 5
is about 1500 pages which is less than 1655 pages. Therefore,
two printers cannot print 1655 pages within 35 minutes.”

Four teachers obtained the correct answer by using
rule-based methods. These teachers could not use number
sense to judge the reasonableness of the answer and tended to
utilize a similar rule-based method to obtain an answer. For
example,

L1055 dREIRER 0 il H MMTIENEY 8/ 84ATOLUNT 176 9K
i SITEARNY T8 E 4 &5« Tl
5G4 : =
}’j_f_ - % (7
= . i
e & & />& —
WE _— ¢ 5 ¢
% f;(’ /‘;9+ 176
—<, 0 o & m : b € ) k3 C e
= ”’g‘— X235 = 8=y 228

Fig. 1. The written record of Helen’s problem-solving method for question
15.

Helen-11501: I will count the page numbers of one
minute for each printer, add them, and then

multiplied by 35 (See Fig. 1). Therefore,
the answer is (128/8 + 176/8)>35 =

304/8>35 = 38>35 = 1330. 1330 is less

than 1655. Hence, two printers could not

print 1655 pages within 35 minutes.
R-11502 : Do you have different approach?
Helen-11502 : This is the only one | know.

Tracy, Vicky, and Betty all used a similar rule-based
method to solve this problem.

As a group, the teachers also demonstrated weakness on
the number sense component “recognizing the relative sizes
of numbers”. Table 2 shows that, of the 15 responses to
questions based on this component, five teachers used
NS-based methods, one teacher used a partial NS-based
method, seven teachers used rule-based methods, and two
teachers answered incorrectly. Generally, teachers preferred
using a rule-based method to answer these questions,
especially question 3 (Xiao-mei has been given fifteen
thousand dollars as her allowance. She will spend 4,200

dollars on clothing, spend ;—z of the allowance on food, and

spend 0.38 of the allowance on recreational activities. What
does she spend the most on? 1) Clothing 2) Food 3)
Recreation 4) cannot be determined from the information
provided).

This question was used to examine whether sample
teachers could apply%as a benchmark to solve this question

. 4200 _ 42 _50 4 15
efficiently (e.g., 000 - 150 is less than - ( ) |s also

less than § (:g) and 0.38 is greater than 2 e

0.38 for recreation). However, data showed that four out of
five teachers used a rule-based method and one teacher gave
a wrong explanation for question 3.

Betty : Well... | felt that it was hard to decide,
so | calculated directly. 15000 <0.38 = 5700,
15000 > is about 4500 (150 +52= 2.9 ...
3 %150 = 4500), so the answer is 3.

. | changed it to a decimal like this: g =15 +52,

4209 _ 7 _ 7 +25. Based on the computation, |
15000 25

knew which expense was larger.
. | wanted to figure out the ratio of 4200 doIIars,

which i |s and after reduclng to

SO the answer is

Vicky

Tracy

15000
converted the decimal 0.38 to the fractron —

After reducrng the fractron — to I changed

Isawthat v,

- to — Comparrng — and p

Also > > and = 5 can be compared because when
we divide one thing equally, the more we divide,
the smaIIer each part will be. In addition, 19 >
15, so

2 changed them to fractions Iike thiS' 0.38 = ﬁ;

|s bigger.
Tom

the percentage for clothing i |s wh|ch is

14
=12 38 \was reduced to = and then |
50" 100

knew that the fractron — |s the brggest

also —
25
Obvrously = > — as for — and because —

> =5 h = >— I choose number3 as the
answer.
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Betty, Vicky, Tracy and Tom all used traditional written
methods. They converted all the values to fractions or
decimals and then compared them to each other rather than
use number sense to solve the problem. This means that when
encountering complicated problems, these teachers showed a
tendency to use the written method to reach a solution.

At first, Helen thought that ;—z was abouti—z, but when
comparing fractional sizes, she exhibited the incorrect belief
that the bigger denominator represents the bigger fraction:

Helen-10303: g can be simplified to 1—zwhich is i and

the denominator 52 is bigger than the
denominator 45 so that means it is also
bigger thang. i is about 0.333 so g is
bigger than 0.333. Then, according to the
denominators, 52 is bigger than 38; | think
that spending ;—; on food is bigger than
spending 0.38 on recreation.

: Do you have different methods to solve this
problem?

Helen-10304: | don’t know.

Overall, these responses showed that the teachers preferred
to use a rule-based method to solve problems. When
questions included complex fractions and decimals, the
teachers tended to convert the fractions to decimals or
decimals to fractions in order to make comparisons.

R-10304

V. DISCUSSION

This study examined the number sense performance and
strategies used by five elementary school teachers in Taiwan
when responding to number sense related questions. The
results show that the responses of Tom, who majored in
mathematics education, presented several characteristics
which are different from the other elementary teachers who
did not have mathematics education backgrounds (e.g.,
Chinese Literature, Education, and Sociology). Tom had
superior number sense performance to the other four
elementary teachers. About 80% of his responses applied
NS-based methods, in contrast to 27% to 47% of the other
four teachers’ responses. This seems to reflect the
mathematics education training in Tom’s undergraduate
background.

Tom was both more flexible and efficient than the other
four elementary teachers in developing and using

benchmarks such as% , § and i to solve problems. Of the 15

questions in the interview, seven called for applying
benchmarks. Tom was able to apply the benchmarks to solve
6 of those 7 questions. In addition, Tom was more successful
in judging the reasonableness of a computational result than
the other four elementary teachers. For example, the other
teachers were unable to judge the reasonableness of a
computational result for any of the three questions related to
this number sense component. However, Tom’s responses to
two of the questions reflected an ability to judge the
reasonableness of a computational result.

Finally, Tom was more flexible in his logical reasoning
than the other sample teachers. For example, in responding to
question 10 Tom reasoned that the answer “It is an even
number for sure” included both 400 and 400, where O is an
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even number. Thus, he concluded that this answer was more
general than either of the other options. It seems reasonable to
believe that Tom, who had a specific mathematics
background, would exhibit better performance on number
sense than elementary teachers who did not have
mathematics backgrounds. This result reflects those of earlier
studies that suggest that teacher’s content knowledge plays a
key role in teaching mathematics and students’ learning [9],
[16], [21].

The results of this study also confirm that, on the whole,
teachers’ use of number sense-based methods is relatively
poor. About two fifths and one third of the teachers’
responses used number sense-based methods and rule-based
methods, respectively. Moreover, about one ninth of the
responses were incorrect. This finding is consistent with
previous studies that showed that preservice teachers
performed poorly on the use of number sense-based methods
[8], [20]. Several earlier studies have shown that fourth, fifth,
sixth, and eighth graders in Taiwan perform poorly on
number sense [27], and this finding has been established in
studies conducted in other countries as well [10], [18], [19],
[26], [30]. The teachers in this study, like the pre-service
teachers, elementary school students and middle grade
students studied elsewhere, demonstrated poor performance
on number sense. This indicates that if we want to promote
students’ number sense performance, it will be important to
reinforce school teachers” number sense first. This supports
the statement of the Principles and Standards for School
Mathematics that “effective teaching requires knowing and
understanding mathematics™ [9]. It is easier for students to
learn number sense if teachers can develop it firstly. When
teaching, teachers who know number sense well can make
students attend to it naturally [20].

Looking more specifically, these results show that the
teachers in this study performed the worst on the number
sense component “being able to judge the reasonableness of a
computational result.” In fact, only 2 out of 15 responses
were found to reflect the use of a number sense-based
strategy when responding to questions related to this
component. Rule-based strategies were much more common,
such as counting decimal places in order to determine the
placement of the decimal point in a multiplication problem.
This result is in accord with previous studies that have shown
that fifth, sixth, and eighth graders have similar troubles
when dealing with such problems [26], and that elementary
and middle grade students, and pre-service teachers
performed the worst on ‘being able to judge the
reasonableness of a computational result’ [8], [20].

Moreover, this research showed poor performance by
sample teachers on a range of mathematics problems related
to determining the reasonableness of answers. This parallels
the situation with Kuwaiti eighth graders and teachers who
value exact answers and do not consider the reasonableness
of the exact answers they obtain [24]. A previous study has
argued that students in Taiwan perform the worst on the
number sense component “judging the reasonableness of
computational results” most likely because Taiwanese
mathematics textbooks offer few examples and exercises
related to this component and because of an over-reliance on
“drill and practice” in mathematics teaching [27]. That the
teachers in the present study performed the worst on “judging
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the reasonableness of computational results” may well be due
to their own learning experiences being highly focused on
written computation.

Indeed, about one third of the teachers’ responses in this
study used written methods to find answers to the questions.
The teachers neglected the context of the problems at hand or
the relationship of the numbers in the problems and could not
get away from the rules of mathematical operations. This
impeded their use of number sense. Previous studies have
shown how mathematics teaching in Taiwan focuses on
training students’ written computation skills [27]. These
written methods assuredly influence the way students think
and do not enhance their number sense. Does the lack of
number sense in students result from insufficient number
sense in teachers? As in [20], they claimed that the reason
students lack number sense ability is probably due to teachers’
shortfalls, leaving them unprepared to teach students
regarding number sense. Based on the results of this study, it
may be that sample teachers do not currently have the
necessary profound understanding of number sense to help
their students to develop number sense.

VI. CONCLUSION

The results of this study raise concerns about whether
teachers are equipped to take on that role. Only two fifths of
the teachers’ responses reflected the use of number
sense-based methods and only one out of the five teachers
could judge the reasonableness of a computational result.
Moreover, the teacher with a background in mathematics
education outperformed the teachers with backgrounds in
education, Chinese Literature Education, and Sociology. This
suggests that the background of a teacher will affect their
performance on number sense.

In fact, teachers’ understanding of mathematical
knowledge influences their teaching and their students’
learning [9], [15], [16]. Reference [14] stated, to “empower
students to think mathematically, teachers must first be so
empowered” (p. 105). Reference [9] also highlights the need
for teachers to “know and understand deeply the mathematics
they are teaching and be able to draw on that knowledge with
flexibility in their teaching tasks” (p. 17). It is reasonable to
believe that a priority in future teacher professional
development should be helping elementary school teachers
develop a profound understanding of number sense while
learning how to teach number sense. It is our hope that this
study will raise awareness regarding the needed development
of school teachers’ number sense, which should be
incorporated in future teacher professional training programs.

VIL.

Due to the limitation of a small sample size, these findings
must be interpreted with caution. However, we highlight two
implications. First, results from this study add to the
emerging body of literature on the broad lack of number
sense in various populations [20]. Earlier studies have shown
that elementary and middle grade students lack number sense
[19], [27] and that pre-service teachers tend to use written
methods with less than half able to apply number sense to
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solve number sense related problems [8], [20].

Second, the findings presented here indicate the need to
improve elementary school teachers’ number sense. Teachers
do not possess a profound understanding of number sense and
without this they are unable to aid students to develop
number sense. This supports the statement of the Principles
and Standards for School Mathematics [9] in that “effective
teaching requires knowing and understanding mathematics.”
(p. 17). Furthermore, previous studies have reported the
importance of mathematics teachers’ subject matter
knowledge and assert that the mathematical knowledge
teachers possess has a profound impact on what and how they
teach [6], [9], [14], [16], [21].

Future studies are needed to examine questions such as: a)
Do teachers from different locales in both Taiwan and abroad
face similar obstacles with respect to number sense? b) How
can teachers’ number sense and teaching of number sense
skills be promoted through professional development? c)
What kind of number sense materials can be used to help
teachers develop number sense efficiently?
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